Abstract. The primal hybrid method for solving second-order elliptic equations is extended from finite element approximations to general bases. Variational techniques are used to show convergence of approximations to the solution of the homogeneous Dirichlet problem for selfadjoint equations. Error estimates are obtained and examples are given.
Introduction
Lagrange multipliers have been employed to define classes of functions used to approximate solutions of elliptic partial differential equations in a number of ways. Greenstadt has described the cell discretization method, where the domain of a problem is partitioned into cells; approximations are made on each cell, and the approximations are forced to be weakly continuous across the boundaries of each cell by using Lagrange multipliers in a method called moment collocation [5, 6, [13] [14] [15] [16] . These results are discussed in §4. Babuska has shown how Lagrange multipliers can be used to make finite element approximations match the boundary data in elliptic problems [1] (see also [4] ). Dorr [9] has applied the methods of Babuska to force continuity across an internal interface formed by dividing a domain in R2 into two parts, using a finite element basis. The primal hybrid finite element method of Raviart and Thomas [18] shows how Lagrange multipliers can be used to ensure that nonconforming finite element approximations converge to solutions as the size of the mesh of the finite element grid becomes small. We show here that convergence of the Greenstadt method occurs in quite general situations. The cells do not diminish in size. The only requirement for convergence is that the basis functions on each cell constitute a Schauder basis in an appropriate space and that the weight functions defined on the boundary segments of each cell that are used to enforce moment collocation also be a Schauder basis. The algorithm is naturally suited for parallel computational methods.
In § 1 we describe the setting for the problem and state some preliminary results. The main convergence result for strongly elliptic second-order selfadjoint problems is stated and proved in §2, and error estimates are given. We describe parallel methods for obtaining an approximation to the solution in §3. The preliminary results stated in §1 are proved in this section. Section 4 describes an implementation of the algorithm using polynomial bases for approximations in domains in R2. This example strongly resembles the p-version of the finite element method (see [2, 3, 8] ). Two examples are given and comparisons are made with ELLPACK's Hermite collocation finite element method [19] . Results obtained by others using the algorithm are discussed.
Description of the problem and preliminary results
The task is to approximate the solution of an elliptic selfadjoint problem of the form (1.1a) Eu = f over a suitable domain Q in RK (described below) with boundary F. If D, denotes partial differentiation with respect to x¡, the operator E is expressed as K Eu = -^2 T>i(Aij(x)DjU) + A0(x)u.
We consider the homogeneous Dirichlet boundary condition expressed as This definition is that of Grisvard [17] for Lipschitz boundaries and follows Fleming [11] for the definition of piecewise Cl.
Let f2 bean LPC1 domain. The Hubert spaces we use are the following: Let (•, •) denote the L2(Q) inner product, with norm denoted || • ||o-Hx(Çl) = {u: Q -> R: u £ L2(Q); D¡u £ L2(Q) for i = I, ... ,K}, where partial derivatives D¡u are distribution derivatives with respect to x¡. The space HX(Q) has inner product K (u, v)Uçl = ^2(DiU, DiV) + (u, v) . i=i
The norm on HX(ÇÏ) is denoted ||-|li,n^o(^) is the closure of Cq°(Q) in the norm || • ||i,n .
Following Greenstadt's cell discretization method, we allow the domain Q to be partitioned in any way into N LPC1 domains Qj,... , Q^r, with Q/nQ, = 0 if i¿ j and Q = UÍIi ^i • The fi, are called cells.
Let Q0-^-K\Q-Let (*> *)i,/ denote the HX(Q¡) inner product on the cell Q, ; the norm is denoted by || • 111,/-The L2(Q¡) inner product is denoted (•, •)/ ; the norm is denoted by || • ||o,¡.
The parent space for much of our discussion is H = {u£ L2(Q): u\a¡ £ Hx(Qi); i=l,...,N}.
The Hubert space H has inner product N (U, V)n = ^2(U, V)ij.
(=1
The //-norm is denoted by || • \\h ■ Let r,; = Q, n Qj. Assume that r,; is the finite union of s/q, where the {sfq} have the properties of Definition 1.1 (iv). Where no s/q exist, ru is ignored. To simplify notation, we refer to such sfq as T,;, acknowledging that there may be multiplicity involved. r,0 is a boundary segment between Í2, and Qo • The inner product for Z-2(r,7) is denoted by (•, •),;, with norm represented as || • ||/;-.
We denote by y¡j the trace operator restricting w|q; to its values on r,;. From [17, p. 41] we can take y,; to be a bounded linear operator from Hl(Sl¡) to I<2(r,7) ; there are constants C¡j such that for any w £ H, ||y/_/(iu)||i_/ < Cjyllwjli,;. Since we are concerned with estimates in terms of ||7,7(w)||¡7 rather than the Hx/2(Tjj) norm of y¡j(w) required by full use of the trace theorem [17, p. 37], constants Cy can be explicitly obtained for many Q, [20] .
For each r,y, choose {co'J}^ to be functions in Hxl2(Y¡j) that are a Schauder basis for L2(Y¡j). For any g £ L2(Y¡j), there are some coefficients dk such that g = ¿X, dkaf¿ . For any n , let SrJ\g) = £~ "^ <W. For any e > 0, there is some N(g, e) such that n > N(g, e) => ||^,'''(^)lli7 < e .
Approximations are in // ; weak continuity across interfaces Ty is enforced by Greenstadt's method called moment collocation.
For u £ H, we define the qth moment of « on r;; to be M*f(u) = (7ij(u),üií/),j.
We require that the moments of an approximation u be equal on interfaces Yjj in the following way.
Let N[ be the number of interfaces r,;-.
[n] denotes a multi-index, an N¡-vector of nonnegative integers (..., n¡j, ... Set G[n] = {u £ H: for any ij, ij = I, ... , N¡, j ^ 0, and for any q < n¡j, we have Mqj(u) = M}q'(u)}. In this case, [n] is the multi-index described above, with all n,o = 0, where the n,o refer to the r,o. Thus, G[n] is the set of functions u in H such that on any internal interface T,y , 7ij(u) -yji(u) is L2(r,7)-orthogonal to to'kj, k = I, ... , n¡j. This gives a notion of weak continuity across interfaces called moment collocation.
Define G0 This lemma is proved in §3. The dependence of K\ on [n] is discussed there as well.
The following diagram shows the projections and the relations among these spaces: The function u" t m is obtained by solving a system of linear equations. The matrix describing the system is nonsingular if [m] is sufficiently large; details are in §3.
We prove the following theorem. Using the fact that if the boundary segment is an internal interface, Dn¡ju = -Dn¡¡u and yy(u) = y ;,■(«), and grouping the sum of the boundary integrals above in pairs (if the boundary segment is an internal interface), we obtain
The first sum in the expression above is taken over j ^ 0 and we assume that i < j.
There exist dk such that D0iju = Y1T=\ dko)lkj'. Suppose that «,; moment collocations are enforced on Ty. Then yy(S) -y/,-(<$) is orthogonal to the weight functions wl¿ , k = I,..., ny , so
<\[^¡¡(^u)\\,j\\7,j(S)-7da)\\ij < ||^'(/)",«)||,7(ll7,7(¿)ll,7 + IltyWlly).
By the trace theorem, using the constants Cy, this last expression is majorized by WftijiDn^WyiCjiWShj + C,j\\Sh.i) ■ Similarly, with ni0 moment collocations enforced on Yi0, the trace 7m(ô) is orthogonal to the weight functions co'k , k = 1, ... , n,o , so
Hence, using the estimates above, with [n] moment collocations enforced, we get
and EÍE^".^))/ i=i V j < £ wrjjiD^uihjiQjWSh j + CjMU.i)
We have used the fact that any ||á||i,, will occur at most («/) times in the sums over the Ty. Note that ||á||7/ = \\^(U -Un,m)\\H < \\U -U",m\\H .
Assembling these estimates, we get
Dividing both sides of the inequality by ||m -u"<m\\H , we get c||w -««,«11» < M\\u-3*Z,(u)\\H + snp{Cy}snp{\\^nÍj(Dntju)\\y}(nf)y/Ñ. The parameter K\, described in more detail in §3, is dependent on the moment collocation constraints (but not on [m]). Dorr [9] has obtained some convergence results for finite element bases in domains in R2. Thus, if finite element solutions have been obtained on two domains, the domains can be "glued together" using this method. This may be of use in elasticity problems (see [20] ).
Methods for obtaining the approximation and proofs of the preliminary results
In this section we describe the system of linear equations that generate the approximation in more detail, show that there exists a unique solution, and suggest a parallel algorithm for solving the system. We prove Lemma 1.2.
We wish to obtain the function u in C7o
On each cell Q.k , we use any Schauder basis {Bk(x)} and form an approximation
This quadratic form is to be minimized subject to the moment collocation constraints. This is done by adding terms of form -tf{(Vy(u), cogj)y -(yjt(u), to'^y), q=l,... ,ny, We have assumed that the elliptic equation is of Helmholtz type, with A0 > 0. In this case, the matrix C consists of symmetric positive definite blocks along the diagonal and is zero elsewhere; each block corresponds to a cell and the number of basis functions used on the cell gives the block's size. The vector b contains the coefficients to be used with the basis functions to obtain the approximation, and f represents entries corresponding to the right-hand side of the elliptic equation Eu = f. The rectangular matrix M, which we call the matrix of moment collocation rows, consists of a band of blocks, with zeros below the band; it is sparse above the band. We show below that the rows of M are independent if the total number of basis functions used in the approximation is sufficiently large. The vector k represents the Lagrange multipliers k'J used to enforce the linear moment collocation requirements expressed here as Mb = 0. As in [18] , we expect k to represent an approximation to the normal derivative of the solution along the interfaces; Dn¡j u should be approximated by Y!kL\ ^koe'k ■ This is discussed in [20] and at the end of this section.
The computations required to generate M, f, and the diagonal blocks comprising C are independent, inviting the utilization of parallel processors. In our implementation of the algorithm described in §4, the entries for the blocks of C are computed in parallel on a Sequent Symmetry machine. This is particularly appropriate if a cell has a curved boundary segment, for quadrature over such cells can be time-consuming (see §4).
The following block-elimination algorithm provides a parallel direct method for solution of the linear system.
Since C is a matrix of positive definite diagonal blocks, parallel computations can obtain the Cholesky decomposition for each block, which allows us to represent C by LLT , where L is lower triangular.
We can then proceed as follows:
We wish to solve Cb -MTk = f ; Mb = 0. The definition of b in step 4 gives Cb -MTA = f, and
Because of the structure of C, steps 1 and 2 can be done in parallel without actually assembling the matrix C. The matrix MY = MC_1MT is positive definite, of relatively small size equal to the number of rows of M. This establishes the existence of a unique solution. Since the moment collocation technique deals with the problem of matching approximations across interfaces, we can concentrate on finding basis functions that make the blocks of C well conditioned (see §4).
This method for solving the system of equations fails when we approximate solutions to Poisson's equation -Au = f, where A0 = 0, since the blocks of C are then only positive semidefinite. However, it is shown in [20] that the Laplace operator is coercive over Go[n] if, for each interface r,7 , at least one of the oekj satisfies (o)'k , l) y^ 0. In this case, although C is singular, a unique solution to the entire system of equations exists, owing to the presence of M and MT. The estimates in §2 that establish convergence of the approximations hold for Poisson's equation.
We can adapt the block-elimination algorithm with iterative refinement for bordered linear systems of Govaerts and Pryce [12] to obtain a solution of the linear system when C is only positive semidefinite. This method allows us to use a nonsingular matrix close to C and obtain approximations to a solution using iterations employing the algorithm described above. Experiments suggest that good results are obtained with very few iterations [20] . We need only do steps 2, 3, and 4 above for each iteration; if we provide a Cholesky decomposition for the matrix MY, such iterations are easily computed. Greenstadt has described a way to decouple the system so that each cell is treated independently, and the computations can be done in parallel [14] ; this method is valid for Poisson's equation. Iterative techniques are appropriate for problems requiring large numbers of cells; in §4 we discuss an example [15] where the generalized conjugate gradient method [7] was used.
The arguments above require independence of the rows of M. To show that this occurs for sufficiently large [m], we consider a representative cell, say iii , and C1 faces T12 and T13. Denote the Schauder basis for HX(Q\) by {Bn}. Inner products (•, -)i2 and (•, *)i3 are both denoted (•, •) ; identification is carried by the subscript \i on yu or the superscript on <yj'.
We assume that Schauder bases {a>p1} for L2(Y\,) are in Hx/2(Yn). In this paper this assumption is only used to establish that the rows of M are independent. It means that we can use the full force of the trace theorem [ 17, p. 37], so that for any finite linear combination g of the {(o'k} there is some v in Hx(Çli) suchthat yy(v) = g.
Without loss of generality, we assume that ||<w¿'||i/ = 1 for all p < «i,, 1 = 2,3.
By C we denote a constant such that, for any u £ Hx(Qi), l|yi«(")lli.-<C||M||,,i.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use For any m , the segments of the collocation rows relevant to Q, are ( We first show that any of these rows is not 0 if m is sufficiently large.
Lemma 3.1. For any row, there is some m such that the row is not 0.
Proof. Take row
as a representative row. By the trace theorem there is some u e //'(Q,), u ,¿ 0, such that y\2(u) = w}2. Since {Bj} is a Schauder basis for //'(Q,), there exists some m and bj £ R such that || YlJ=\ ujBj -u\\\ t, < 1/C. Thus, |£7=i bj(yl2(Bj), co\2) -1| < 1, so £", bj(yi2(Bj), oj\2) ^ 0, and the result follows. D Assume that m has been taken large enough so that none of the rows is 0.
Lemma 3.2. The integer m can be made large enough so that for any Yu , the rows corresponding to moment collocation on Yu are independent. Proof. We take r,2 as a representative for our argument and let n = «,2. Suppose that for any m , the n rows are dependent. Then, for each m , there exist amj , j = 1, ... , n , not all zero, such that n 0 = Yt^diYM), to)2), (yl2(B2), to)2), ... , (yl2(Bm), to12)).
7=1
Let wm = £/=i umjo)2 ■ This cannot be 0, for we assume that {co12} is a
Schauder basis for L2(r,2).
By linearity, 0 = ((yn(Bi), wm), (yn{B2),wm),..., (yl2(Bm), wm)).
Thus, wm is orthogonal to the span of {yn(By),yn(B2),...,yn(Bm)). We can assume that ||itfm||i2 = 1 • Hence, {wm} is a bounded set in the finitedimensional span of {ojxp2: p = 1,...,«}.
Hence, there is some subsequence wm¡ and some z in this span such that wm¡ -» z in the L2(T,2) norm. Choose M such that i > M implies \\wm¡ -z||,2 < 1/2. By the trace theorem there is some u e //'(Q,), u ^ 0, such that y,2(w) = z. Since {Bj} is a Schauder basis for //'(Q,), there exists some m,, with i > M, and bj £ R such that EM;-" 7=1 Then, using these bj, we get E bjyi2(Bj) -wm¡ <l/(2C). is an expression greater than or equal to 1, yet the preceding estimate showed it to be less than 1, which gives the desired contradiction. D
Assume that m has been taken large enough so that all rows that represent moment collocation for a single boundary face Yu are independent. Lemma 3.3. The integer m can be taken large enough so that the rows corresponding to moment collocation with T,2 and T,3 are all independent. Proof. We show that m can be taken large enough so that the first collocation row for T,3 and the collocation rows for r,2 comprise a linearly independent set. The process can then be iterated to obtain the proof.
Suppose the result is false for all m . Then, for any m , there exist amj, j = 1, ... , n , not all zero, such that ((7i3(5,), w¡3), (7i3(52), co\3) , ... , (yn(Bm), co\3)) n = Y.a'"'A{yn(Bx),wXj2),(yn(B2),cox2),... , (yn(Bm), oef)).
Now, assuming that m is large enough so that the collocation rows for T,2 are independent, we argue that the amj must be independent of m. If this were not the case, there would be some m with the properties above and m' > m such that ((7,3(5,) , co\*}, (7,3(52), w¡3), ... , (yl3(Bm,), coxi)) n = E^'.7-((7i2(5i), co)2), (7.2(52), to)2), ... , (7n(Bm.), to)2)).
This dependency relationship will hold for the first m components of the vectors above. Then n E ^,7'((7.2(51), co)2), (yn(B2), co)2),..., <y,2(5"), to}2)) for any m . Thus, for any u in the span of {5,, ... , Bm), (7, 3 (i/),û)|3) = (7i2(w), z).
We have that co\3 / 0 a.e. is in L2(r,3). The assumption that £2, is an LPC1 domain (so that T,3 is C1) and a partition of unity argument allows us to find some open set cf in RK with the following properties:
(a) cf n r,3 ¿ 0 and co\3 ¿ 0 a.e. on tf n r,3, and Without loss of generality, we can assume that the Schauder basis {B'k} is orthonormal in //'(Q,), since the Gram-Schmidt process could produce such a basis from {B'k}, and the projected functions 3°^,(v) satisfying the moment collocation constraints such that 3s£(v)\ri¡ is in the span of {5¡, ... , B'm} are the same whether or not the basis has been made orthonormal using this process.
Thus, for any we//, we have «1^ = ££=, b'kB'k , where b'k = (u, B'k)\j and
Note that ^(«) = Er=m+,^-We prove two representative cases of Lemma 1.2. We first consider the onecell case. J2k"=i blk(yio(Blk), colp)io. We express this in terms of matrices. Let a=(a,, ..., a"i0) and e = (e\, ... , em). The matrix M denotes the n,n x m array with rows mp = ((7,o(5{), coP°)io, (yi0(BÏ), <)(0, • • • , (7,o(5¿,), <);0) • The requirement is that MeT = aT . We assume that m is sufficiently large so that the rows of M are independent. We wish to minimize eeT such that MeT = aT . This is a well-known linear programming problem; it has the following solution: A = MMT is symmetric and nonsingular; it is positive definite, since for any x ^ 0, xAxT = (xM)(xM)T > 0. Let y be the solution of yA = a, so y = aA_1 , and form z = Y!ki\Vkmk = yM. Note that MzT = M(yM)T = AyT = aT, so z is a possible e. First, zzT = yM(yM)T = yAyT = a(aA~')T = aA~'aT, for A-1 is symmetric. Also, for any e satisfying the necessary requirement, zeT = yMeT = yaT = aA_1aT = zzT, so z(e -z)T = 0 = (e -z)zT.
With these results we show that the e that minimizes ¿Zk=\ el = eeT subject to the necessary condition MeT = aT is z. Now eeT = (e -z + z)(e -z + z)T = (e -z)(e -z)T + z(e -z)T + (e -z)zT + zzT = (e -z)(e -z)T + 0 + 0 + zzT.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use The requirement is MeT = aT .
We proceed in a manner similar to the previous proof. We assume that m is sufficiently large so that the rows of M are independent. Form the (n\o + n\2 + n2o)y.(n\o + n\2 + n2o) matrix A = MMT . It is symmetric, nonsingular, and positive definite by the previous argument. Let y be the solution of yA = a, so y = aA_1 . The vector y has length («,0 + «,2 + «2o). Represent y as (y1 y12 y2), where y1 has length «,o , y12 has length «,2, and y2 has length n2o. Let z be the row vector of length (m, + m2) defined by z = yM = (y'M,o + y12M,2 yx2M2l + y2M20).
As before, zzT = yM(yM)T = yAyT = a(aA"')T = aA~'aT and MzT = aT, so z is a possible e.
The argument in the previous theorem shows that Schwarz's inequality and the trace theorem give
<2(C21|K(î;)||2,2 + C,2|K(t;)||2,,)||0||22.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use The argument above is based on the assumption that {B'k} is an orthonormal basis for //'(Q,).
The result holds for the more general case, since we have established the previous result in terms of €lm(v). Note that this shows that there is no particular advantage in choosing an orthonormal basis for Hx(Çl,).
In the case where the basis functions {B'k} are orthonormal in //'(Q,), p is the smallest eigenvalue for the positive definite matrix MMT and this eigenvalue is nondecreasing as ). Using Legendre polynomials to both provide the weight functions {co'k} and generate a basis for a square in the manner described in §4, we have computed l/p for at most 13 moments on each side of the square and have shown that if we make the number of basis functions m sufficiently large (m = 190 when eight moments are used), then l/p < 337. In our experiments, we typically use three or four moments and usually no more than 28 basis functions; in this case, l/p < 67. Our proof that the Lagrange multipliers k can be used to approximate the conormal derivative of the solution u on the Yy requires a similar assumption [20] . An example is presented in [6] , where a good approximation to the conormal derivative is obtained using the values of the Lagrange multipliers.
Experimental results
We have written programs that produce approximations to solutions of problems with domains in R2 [20] . We accommodate four types of cells. Cells can be parallelograms (type 4) or triangles (type 3) in any orientation. Two kinds of cells with one curved (external) boundary segment are accepted; the first has one straight side and one curved side (type 1); the second has two straight sides and one curved side (type 2). Typical cells are shown in Figure 1 .
Domains need not be simply connected and can have cracks. We treat Neumann problems and mixed problems as well as the Dirichlet problem; convergence of the approximations to the solution of the nonhomogeneous Dirichlet problem is shown in [20] as well as convergence of approximations to a Neumann and a mixed problem. The coefficients Ay(x) and AQ(x) need not be constant.
In the first preprocessor stage of the program, the user describes the cells by indicating the corner points and the type of cell; FORTRAN formulas are entered giving the parametric representation for any curved boundary segments and the formulae for Ay, Ao , and /. The second part of the program determines which cells are adjacent and subdivides sides of a cell if necessary, for adjacent cells need not always share corner points. For example, a square can be decomposed into three cells, one rectangular and the other two square, so that the common boundary of the two square cells meets the rectangle in a "T". The program splits the internal boundary of the rectangle into two segments, one for each of the squares. Legendre polynomials are used to generate a basis for a square, which provides a basis for any parallelogram by the use of affine transformations. An interesting L2-orthonormal polynomial basis has been contrived for triangles. On the standard simplex, by use of symmetry considerations, we roughly halve the number of basis functions to be generated. Each basis function 5(x,, x2) is either symmetric (so B(x\, x2) = B(x2, X\)), or B(x2, x\) is orthogonal to B(x\, x2) and provides a further basis function. These two bases are adapted for use in type-1 and type-2 cells.
Since we use polynomial bases, if a cell is a parallelogram or a triangle, Gaussian quadrature is appropriate for computing the entries a(Bk , Bk)k for the diagonal blocks in the matrix C [10] . In addition, if the A,j and Ao are constant, appropriate values for a representative square and triangle are stored and the affine transformations used to quickly generate the entries for all blocks in C corresponding to parallelogram or triangular cells.
The quadrature required on the two types of cells with curved boundaries is the most time consuming part of the program, although such computations are done in parallel. For a type-1 cell, we use an affine transformation to move the cell to lit inside the unit square so that the curved boundary is represented by a function. (Such a representation is required of type-1 cells.) Gaussian quadrature is then used to integrate in the vertical direction. The upper limit representing the curved boundary segment may not be expressed by a polynomial, so we may not be able to depend on the special properties of Gaussian quadrature for accurate results when integrating in the horizontal direction. Thus an adaptive Romberg scheme is used to integrate in the horizontal direction; if the Romberg method fails to meet the convergence criteria set by the program, this fact is noted as the program is executed. It is then usually necessary to return to the preprocessor to further subdivide the cell giving the difficulty. A similar method is used for type-2 cells. More experimentation is needed to find a method that is faster and equally accurate.
We use Legendre polynomials for the weight functions co'k}. The computations for moment collocation take little time. They are done using Gaussian quadrature if an interface is a straight line; a variant of Simpson's rule is used to compute the moments on curved boundary segments.
Two parameters are set by the user to determine the number of basis functions for each cell. Parameter "nmc" represents the number of moment collocations to be enforced on each interface; parameter "edf ' represents extra degrees of freedom so that on any cell £2,, the total number of basis functions is (number of sides Yjj for cell i) x nmc + edf. We typically set "nmc" equal to three or four and "edf equal to about 12 for initial approximations. Our software currently generates up to 66 basis functions, giving a full tenth-order polynomial basis. The number of basis functions for type-1 or -4 cells could be increased, for appropriate Gaussian quadrature is available.
We have had no difficulty meeting the requirement that the rows of M be independent, using the bases and the weight functions described above. If the rows are dependent, the program informs the user; the parameter "edf must then be increased. Such increases could be done without user intervention. In such a case, the new matrix is formed by expanding the original matrix; the entries in the entire matrix do not have to be recomputed.
We use L2-orthogonal bases for parallelograms and triangles in an attempt to provide good structure for the matrix. For parallelograms, if Ay and Ao are constant, there are many zeros off the diagonal in the symmetric blocks comprising C. Our experiments have been concerned with testing the implementation, using relatively small problems defined on domains with increasingly complex boundaries; the solution of the linear system has given no difficulties. We have not made any general survey of the conditioning of the system matrix. Large problems have been solved using the cell discretization method; for example, Greenstadt [14] has obtained approximate solutions to the diffusion equations of nuclear reactor theory. The model required as many as 3,800 equations to estimate solutions for three-dimensional problems. The system was solved using the generalized conjugate gradient method of Conçus, Golub, and O'Leary [7] . The results, when compared with solutions generated by other methods, are quite promising. Although §3 shows that the system of equations has a unique solution for any choice of basis functions and weight functions (if [m] is sufficiently large), we expect that bases and weight functions for two-and three-dimensional problems should be chosen to be particularly "compatible", so that the matrix is well structured and convergence of approximations to the solution is rapid. For example, we might expect that if trigonometric functions are used for a basis on a cell, then trigonometric functions would also be appropriate for the moment collocation weight function. We refer to [14] , where approximations to the lowest eigenvalue of Laplace's equation on the unit square are obtained using both polynomial and trigonometric bases.
Once the system of linear equations is solved, we can generate the values of the approximation w"m at any point in the domain. For each interface, the L2(Yy) norm of the difference of the traces yy(un,m on cell i) and yji(u",m on cell j) on r,7 is computed. If any of these are unacceptably high, the user can either increase "nmc" or return to the preprocessing stage to further subdivide the domain. Such subdivision of parallelograms or triangles could be done without user intervention.
We discuss approximate solutions for two simple problems and compare the sizes of the linear systems used for our cell discretization method and the "Hermite collocation" finite element method provided by our 1985 version of "ELL-PACK" [19] . The collocation method obtains Hermite bicubic piecewise polynomial approximations to a solution on rectangular domains. Both programs are run on a Sequent Symmetry machine.
The first example, problem "C" in [19] , is a Helmholtz problem with a boundary layer. We approximate the solution to Am -100m = 150cosh(20y)/cosh (20) . order of the basis used in the CDA approximation, the number of basis functions (nbf), the number of moment collocations enforced (nmc), the number of linear equations used in the discretization (nie), and the maximum of the error (max) and the "L2" estimate of the error (L2). These are compared with solutions generated by ELLPACK's finite element collocation discretization module using grid sizes that produce similar maximum error. We list the size of the grid, the number of linear equations (nie), and the maximum error and the "L2" error. The errors are all estimated using ELLPACK's method, based on the points in a 41 x 41 grid. Figure 4 provides a log-log plot of the errors versus the number of equations used in both approximations.
ERRORS ERRORS
For our second example, we construct approximations to the homogeneous Dirichlet problem for Poisson's equation Au = f, with the formula for / obtained from the desired solution u(x, y) = -ey sin(nx)sin(ny). The domain is a square of side 2. A sketch of the solution is shown in Figure 5 . The maximum is about 4.7.
The number of Gauss points used in our implementation of the cell discretization method limits us to at most a lOth-order basis for Poisson's equation. The maximum error when we use this basis and just one cell is 0.022; some results are shown in Figure 6 . Figure 6 . Results for the second example using one cell
To obtain greater accuracy using the cell discretization method, we subdivide the domain into four square cells. Sample results are shown in Figure 7 . Figure 8 provides a log-log plot of the errors versus the number of equations used in both approximations; both the one-cell case and the four-cell case are shown. In these tests there is a strong linear relation between the logarithms of the errors and the number of equations for both methods (|r| > 0.99).
Note that in both examples, although the maximum errors are similar in the cases cited above, the L2 errors for the bicubic finite element collocation method are less than the L2 errors for the cell discretization method in each case.
The two examples suggest that the number of equations necessary to obtain good accuracy in many applications is similar for both methods. If higher accuracy is desired, it appears that fewer equations are required for the cell discretization method than for the collocation finite element method. The matrix representing the linear system for the Hermite collocation method is banded. The structure of the symmetric matrix generated by the cell discretization algorithm is described in §3. The band width of the array C of diagonal blocks is about the same size as the band width of the collocation method for approximations producing similar maximum error.
The second example illustrates the two ways that can be used to increase the accuracy of approximations using the cell discretization algorithm. The most efficient method is to increase the number of basis functions and the number of moment collocations enforced. The size of the linear system increases relatively slowly and the entries in the matrix are just augmented; the entire matrix does not have to be recomputed to obtain improvement. However, in our implementation, the methods of quadrature limit the number of basis functions that can be used in this procedure, particularly if the Ay and Ao are not constant.
The second method for increasing accuracy is to increase the number of cells. This is more difficult to implement than the first method and may substantially increase the number of linear equations in the discretization if all cells in a first approximation are subdivided. It may be appropriate to first identify the areas of the domain where the errors are largest and just refine the cells in such areas. The program reports the L2-norm of the match-up of approximations across interfaces to help identify areas of the domain where the approximation is poor. An example of this procedure can be found in [16] . Good approximations can then be obtained using fewer basis functions on each cell. In [14] , experiments were made to determine the effect of mesh refinement on the accuracy of approximations to the solution in two simple problems. The domain in the first problem in the study in [ 14] is a square. For a fixed number of basis functions employed on each cell and a fixed number of moment collocations, the error of the approximation on the boundary of the domain was roughly proportional to the 4th power of h , the length of the side of square cells of equal size. This proportionality to the 4th power of h did not hold in the second problem defined on an L-shaped domain (see [14] for an interesting conjecture concerning this result).
We hope that the results cited above will encourage interest in the cell discretization method. It is fairly easy to implement and allows great flexibility in the choice of basis functions and domain decomposition.
Some of the drawbacks and unresolved questions concerning the cell discretization method are the following:
1. The implementation discussed above requires that a user provide a description of the decomposition of the domain into cells of appropriate type. Is there a way to automate an appropriate decomposition, starting, for example, from the description of an irregular domain provided by the ELLPACK definition of a problem?
2. If the coefficients of the equations are not constant, or we have chosen cells with curved boundaries, the required quadrature is time consuming. 3. We have described a general implementation of the method using polynomial bases. This could be extended to accommodate other bases that may be particularly appropriate for certain problems (see [5] ).
4. No systematic study of the conditioning of the system matrix for large problems has been made.
5. The method has yet to be implemented to solve general problems in three dimensions.
6. What is the trade-off between the number of moment collocations employed and the total number of basis functions used on any cell? We have as yet only the sorts of empirical results indicated in the examples discussed above.
7. The errors are expressed in terms of projections in //'(Q,) or L2(Y¡j) onto the orthogonal complement of the span of a finite number of chosen basis functions. Methods of approximation theory should enable us to characterize such errors in terms of the size of the cell and the properties of various bases, e.g., degree of a polynomial approximation or number of trigonometric functions utilized.
8. In [16] , Greenstadt extends the method to non-self-adjoint problems, using a primal-dual variational approach as the basis for the discretization process. Two examples of approximations to the solution of convection-diffusion problems are given. The convergence and error results described in this paper have not been extended to the non-self-adjoint case.
